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Abstract
We report on an “anti-Gleason” phenomenon in classical mechanics:
in contrast with the quantum case, the algebra of classical observables
can carry a non-linear quasi-state, a monotone functional which is
linear on all subspaces generated by Poisson-commutative functions.
We present an example of such a quasi-state in the case when the
phase space is the 2-sphere. This example lies in the intersection of
two seemingly remote mathematical theories – symplectic topology
and the theory of topological quasi-states. We use this quasi-state to
estimate the error of the simultaneous measurement of non-commuting
Hamiltonians.
1 Introduction
Let Aq (resp. Ac) be the algebra of observables in quantum (resp. classical)
mechanics. In the quantum case, Aq is the space of hermitian operators
on a Hilbert space1 H . It is equipped with the bracket [A,B]~ =
i
~
(AB −
BA) , where ~ is the Planck constant. In the classical case, Ac is the space
aPartially supported by E. and J. Bishop Research Fund and by the Israel Science
Foundation grant # 881/06.
bPartially supported by the Israel Science Foundation grant # 11/03.
1For the sake of transparency, in this note we deal with finite-dimensional Hilbert spaces
only.
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of continuous real-valued functions on a symplectic manifold (M,ω). It is
equipped with the Poisson bracket {·, ·} (defined on a dense subspace of
smooth functions). We say that observables A andB commute if their bracket
vanishes.
In [23] von Neumann introduced the notion of a quantum state. According
to his definition, a state is a functional ρ : Aq → R which satisfies:
(Linearity) ρ(aA+ bB) = aρ(A) + bρ(B) for all a, b ∈ R and all A,B ∈ Aq;
(Positivity) ρ(A) ≥ 0 provided A ≥ 0;
(Normalization) ρ(1) = 1.
This system of axioms implies that for every quantum state ρ there exists
a density operator U , that is a nonnegative Hermitian operator on H having
trace 1, so that ρ(A) = tr(UA) for every observable A ∈ Aq.
Von Neumann’s notion of quantum state encountered criticism among
physicists (for example, see [4]) in that the formula ρ(A+B) = ρ(A) + ρ(B)
a priori makes sense only if the observables A and B are simultaneously
measurable, which in the mathematical language means that they commute.
As a response to the criticism there appeared the concept of a quasi-state. A
quasi-state on A (hereA stands either for Aq orAc) is a functional ζ : A → R
satisfying the positivity and normalization axioms above, and a weaker form
of linearity, the so-called
(Quasi-linearity) ζ(aA + bB) = aζ(A) + bζ(B) for all a, b ∈ R and all
commuting observables A,B ∈ A.
A remarkable fact, which is a straightforward reformulation of the famous
theorem due to Gleason [13], is as follows2:
Theorem 1.1 (Gleason). On a Hilbert space of dimension at least 3, every
quasi-state is linear.
Therefore in the quantum case there is no distinction between states and
quasi-states.
Some brief comments on the Gleason theorem are in order. The key
notion responsible for Gleason’s phenomenon and which is of an indepen-
dent significance in the subject of quantum logic is a probability measure
2Gleason’s paper does not mention quasi-states. Bell [4], while analyzing Gleason’s
work, approaches this notion without naming it. Another definition of a quasi-state,
equivalent to ours in the quantum setting, is given in [1]. See [11] for a discussion on the
link between the two definitions in the classical setting.
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on projections : Let P be the set of orthogonal projection operators on H ,
that is the simplest observables which attain values 1 and 0 only. They can
be interpreted as yes-no experiments. Call two such operators P,Q ∈ P
orthogonal to one another, if their ranges are orthogonal as subspaces of
H . Note that orthogonal projections commute. Given a collection {Pi} of
pairwise orthogonal projections, their sum
∑
i Pi is again an orthogonal pro-
jection. A probability measure on projections is a function µ : P → [0, 1]
with µ(1) = 1 satisfying the following σ-additivity property (cf. [16, p.132]):
µ
(∑
i Pi
)
=
∑
i µ(Pi) for any collection {Pi} of pairwise orthogonal projec-
tion operators. By an ingenious argument Gleason shows that3 for every such
µ there exists a density operator U so that µ(P ) = tr(UP ) for all P ∈ P.
Given any quasi-state ζ , its restriction to P is a probability measure on pro-
jections, and hence ζ(P ) = tr(UP ) for some density operator U . In view of
the spectral decomposition, every Hermitian operator A ∈ Aq can be writ-
ten as a real linear combination of pairwise orthogonal projections. Thus
quasi-linearity of ζ yields ζ(A) = tr(UA), and in particular ζ is linear.
The Gleason theorem plays an important role in quantum mechanics. It
provides a counter-argument to the above-mentioned criticism of von Neu-
mann’s concept of quantum state, and thus validates representation of states
by density operators which serve as a cornerstone for probabilistic formal-
ism in quantum mechanics. Furthermore, the Gleason theorem stimulated
a number of exciting developments related to the hidden variables problem.
For instance, a starting point for the seminal works by Bell [4] and Kochen-
Specker [17] is the following observation: Existence of non-contextual hidden
variables would yield existence of dispersion-free states and hence supply the
quantum theory with the possibility of an assignment of a definite outcome
to every yes-no experiment. Such an assignment would be nothing else but a
probability measure on projections attaining values 0 and 1 only. One readily
sees that this is prohibited by the Gleason theorem.
The purpose of this note is to show that in classical mechanics the sit-
uation is quite different. In fact, we report on the following ”anti-Gleason
phenomenon”: for certain symplectic manifolds, the algebra of classical ob-
servables Ac carries non-linear quasi-states. Since algebras of classical ob-
servables often arise as a limit of algebras of quantum observables as ~→ 0,
our result can be interpreted as the failure of the Gleason theorem in the
classical limit. In Section 2 we describe the simplest meaningful example of
3This is the main result of [13].
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a non-linear quasi-state in the case when the underlying symplectic manifold
is the 2-sphere equipped with an area form. Such a phase space appears for
instance as the classical limit of the high spin quantum particle, see Section 4.
As an application of our quasi-state, we indicate in Section 3 that it gives
rise to a robust lower bound for the error of a simultaneous measurement (in
a sense to be made precise) of a pair of non-commuting classical observables.
Complete formulations and proofs of the results discussed below can be
found in our papers [10, 11, 12].
2 A non-linear quasi-state on S2
Consider the unit 2-sphere S2 ⊂ R3(x, y, z). Let ω be the area form induced
from the Euclidean metric and divided by 4π, so that the total area of the
sphere equals 1.
Let F be a generic function4 on S2. Consider its Reeb graph ΓF obtained
from the sphere by collapsing each connected component of each level set
{F = const} to a point. This notion was first considered by Reeb [22] in
the framework of Morse theory (see e.g. [9] for a detailed discussion). It is
illustrated on Figs. 1, 2. Since it is hard to visualize a complicated function
on the round sphere S2, we employ the following trick: we represent the
sphere as a surface in R3 (possibly of complicated shape), and take F to
be the height function F (x, y, z) = z on it. It can be easily seen that ΓF
is a tree5. For a point a ∈ ΓF denote by C(a) the corresponding connected
component of the level set. If a is a vertex of the graph, C(a) is either a point
of local extremum, or a “figure eight” with the double point at a saddle. If
a is an interior point of an edge, C(a) is a simple closed curve on the sphere.
Introduce a probability measure σ on ΓF in the following way. Consider
any open interval I = (a, b) on an edge of ΓF . It corresponds to the annulus
on S2 bounded by curves C(a) and C(b) (see Figs. 1, 2). By definition, the
measure σ(I) of the interval I is equal to the area of this annulus.
Given such a tree ΓF with the probability measure σ, there exists a unique
point mF on it, called the median of the tree, with the following property:
when mF is removed from ΓF , the resulting set breaks up into connected
4By a generic function we mean a smooth function having only isolated critical points,
whose Hessian is non-degenerate at each such point, and whose critical values are all
distinct.
5A tree is a connected graph with no loops.
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Figure 1: Round sphere. The
Reeb graph ΓF is a segment. Figure 2: Deformed sphere. The Reeb
graph ΓF is a tripod.
components, each of measure ≤ 1
2
– see Figs. 1, 2; on Fig. 1 the median is
the midpoint of the segment ΓF ; on Fig. 2 the median is the triple point of
the tripod. Define ζ(F ) as the value of F on the level C(mF ).
For example, if F (x, y, z) = x (on the round S2), the tree ΓF is simply the
segment [−1; 1], its median mF is the point 0, and the level C(mF ) coincides
with the equator {x = 0}. Hence
ζ(x) = 0 . (1)
We claim that ζ(F ) ≤ ζ(G) for any pair of generic functions F and G
with F ≤ G. Indeed, each connected component of the sets S2 \ C(mF ) and
S2\C(mG) is a disc of area ≤
1
2
. Therefore C(mF ) and C(mG) must intersect
at some point, say, P . Then
ζ(F ) = F (P ) ≤ G(P ) = ζ(G)
and the claim follows.
Write ‖F‖ for the uniform norm maxS2 |F |. The monotonicity property
above yields that
|ζ(F )− ζ(G)| ≤ ‖F −G‖
for all generic functions F and G. Thus we can extend ζ by continuity to
the whole space Ac.
It turns out that ζ : Ac → R is a quasi-state. Obviously, it satisfies the
normalization and the positivity axioms. Let us illustrate the quasi-linearity
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axiom. For simplicity, we verify the property
{F,G} = 0⇒ ζ(F +G) = ζ(F ) + ζ(G)
in the case when the functions F,G and F +G are generic. Note that in this
case the assumption {F,G} = 0 simply means that F,G and F +G are pair-
wise functionally dependent and therefore have the same connected compo-
nents of the level sets. One can easily conclude that the curves C(mF ), C(mG)
and C(mF+G) coincide. Denoting this curve by C we have that for every point
P ∈ C
ζ(F +G) = (F +G)(P ) = F (P ) +G(P ) = ζ(F ) + ζ(G) ,
as required.
We shall refer to the quasi-state ζ as the median quasi-state.
Assume that F : S2 → R is a generic function. For a continuous function
u : R→ R consider the composition G(x, y, z) = u(F (x, y, z)), which can be
already non-generic. It is not hard to show that
ζ(G) = u(ζ(F )) . (2)
We shall apply this formula in order to calculate ζ(G), where G(x, y, z) = x2.
Note that G has a circle of minima points and hence is not generic. Put
F (x, y, z) = x and u(s) = s2 so that G(x, y, z) = u(F (x, y, z)). Combining
formulas (2) and (1) we get that ζ(x2) = ζ(x)2 = 0. Similarly, ζ(y2) =
ζ(z2) = 0.
Finally, let us verify that the median quasi-state is non-linear. Indeed,
since on S2 we have x2 + y2 + z2 = 1, it follows from the definition of a
quasi-state that ζ(x2 + y2) = 1− ζ(z2) = 1. Thus
ζ(x2 + y2)− ζ(x2)− ζ(y2) = 1 . (3)
3 Simultaneous classical measurements
Two non-commuting quantum observables are not simultaneously measur-
able. Is there an analogous phenomenon in classical mechanics? This prob-
lem appears in physics literature (see e.g. books by Peres [21, Chapter 12-2]
and Holland [14, Chapter 8.1]) as a toy example motivating the theory of
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quantum measurements. Theoretically, in a classical system any two ob-
servables are simultaneously measurable to any accuracy. However, if the
measurement is not perfect, an error may appear. Below we present a pre-
cise formulation of these heuristic notions and give a positive answer to the
above question.
We shall analyze simultaneous measurability in classical mechanics in
the framework of a measurement procedure called the pointer model. For
simplicity we work on the sphere S2 and write ζ for the median quasi-state
introduced in the previous section. We denote by ‖F‖ the uniform norm of
a function F on S2 and by 〈F 〉 its mean value
∫
S2
F ·ω. For a pair of smooth
functions F1, F2 on the sphere consider the quantity
Π(F1, F2) = |ζ(F1 + F2)− ζ(F1)− ζ(F2)|
which measures the non-additivity of ζ at this pair. Define also the oscillation
osc(F1, F2) = min
(
‖F1 − 〈F1〉‖, ‖F2 − 〈F2〉‖
)
.
Consider two observables F1, F2 ∈ Ac. Let M = S
2 × R4(p1, q1, p2, q2)
be the extended phase space equipped with the symplectic form6 ω̂ = ω +
dp1∧dq1+dp2∧dq2 . The R
4 factor corresponds to the measuring apparatus
(the pointer), whereas ~q = (q1, q2) is the quantity read from it. The coupling
of the apparatus to the system is carried out by means of the Hamiltonian
function p1F1(v) + p2F2(v), v ∈ S
2. The Hamiltonian equations of motion
with the initial conditions q1(0) = q2(0) = 0, p1(0) = p2(0) = ǫ and v(0) = w
are as follows:
q˙i = Fi, i = 1, 2,
p˙i = 0, i = 1, 2,
v˙ = ǫ VF1+F2(v) .
Here VF1+F2 denotes the Hamiltonian vector field of the Hamiltonian F1+F2
on S2.
Denote by gt the Hamiltonian flow on S
2 generated by the function G =
F1 + F2. Then v(t) = gǫtw. Let T > 0 be the duration of the measurement.
By definition, the output of the measurement procedure is a pair of functions
6For preliminaries on symplectic geometry see, for example, [7].
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F ′i , i = 1, 2, on M defined by the average displacement of the qi-coordinate
of the pointer:
F ′i (w) =
1
T
(qi(T )− qi(0)) =
1
T
∫ T
0
Fi(v(t))dt =
1
T
∫ T
0
Fi(gǫtw)dt .
Note that for ǫ = 0 we have F ′i = Fi. This justifies the above procedure as a
measurement of Fi and allows us to interpret the number ǫ as an imprecision
of the pointer.
Define the error of the measurement as
∆(T, ǫ, F1, F2) = ‖F
′
i − Fi‖ .
Note that in our setting this quantity does not depend on i ∈ {1; 2} since
the sum F1 + F2 is constant along the trajectories of gt.
Now we are ready to formulate our main result [12]: for all T, ǫ > 0 and
F1, F2 ∈ Ac
∆(T, ǫ, F1, F2) ≥
1
2
Π(F1, F2)−
√
2 · osc(F1, F2)
Tǫ
. (4)
For ǫ > 0 define the asymptotic (as T →∞) error of the measurement as
∆∞(F1, F2) = lim inf
T→∞
∆(T, ǫ, F1, F2) .
It may be interpreted as the error produced in a system moving very rapidly,
that is such that its characteristic time is much less than that of a measure-
ment. Note that ∆(T, ǫ, F1, F2) = ∆(ǫT, 1, F1, F2) and hence ∆∞ does not
depend on the specific choice of ǫ > 0. It follows from inequality (4) that
∆∞(F1, F2) ≥
1
2
Π(F1, F2) . (5)
Define a numerical constant
E := inf
F1,F2
2∆∞(F1, F2)
Π(F1, F2)
,
where the infimum is taken over all pairs of smooth observables F1 and F2 on
the sphere with Π(F1, F2) 6= 0. Note that E ≥ 1 in view of (5). To find an
upper bound on E, consider the case F1 = x
2 and F2 = y
2. An elementary
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but cumbersome calculation shows that ∆∞(x
2, y2) ∼ 0.63. Equation (3)
above yields Π(x2, y2) = 1. Therefore E ≤ 1.26. It would be interesting to
calculate the value of E explicitly.
Let us emphasize a somewhat surprising feature of inequality (4). Its
right-hand side is robust with respect to small perturbations of both observ-
ables in the uniform norm. On the other hand, the measurement error ∆
involves the Hamiltonian flow generated by F1 + F2 which is defined by the
first derivatives of F1 and F2. Therefore a priori ∆(T, ǫ, F1, F2) could have
changed in an arbitrary way after such a perturbation, in particular it could
have vanished, but this does not happen provided Π(F1, F2) 6= 0.
It is instructive to mention that our lower bound (4) on the error of the
simultaneous measurement of a pair of classical non-commuting observables
F1, F2 with Π(F1, F2) 6= 0 cannot be considered as a classical version of the
uncertainty principle. Indeed, the quantum uncertainty principle deals with
the statistical dispersion of similarly prepared systems [3, p.379]. Let us
interpret for a moment the quantity ζ(F ) as the statistical expectation of
the value of the observable F in the (quasi-)state ζ . With this language, the
quasi-state ζ introduced in Section 2 is dispersion free: ζ(F 2) − ζ(F )2 = 0
for all F (see [11]).
4 Discussion: the classical limit of quantum
spin system
It is an intriguing question [15] to understand “what went wrong” with the
proof of the Gleason theorem in the classical context. Our impression is that
the notion of the probability measures on projections, which is the key char-
acter of the proof (see Section 1 above), does not admit a natural translation
into the classical language via the quantum-classical correspondence. How-
ever, instead of considering the “anti-Gleason” phenomenon as a failure of
the correspondence principle, we propose to address the above question the
other way around:
Question 4.1. Is there a footprint of the median quasi-state ζ in the quantum
world?
To be more specific, recall that the algebra of functions on the 2-sphere S2
equipped with the Poisson bracket arises as the classical limit of a quantum
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spin system. Below we briefly review a construction called the coherent states
(de)quantization [6, 20]. Consider a quantum particle of spin j where j > 0
is an integer or a half integer number. The quantum states are modeled
by vectors of a Hilbert space H of dimension N = 2j + 1 which carries an
irreducible representation of the group SU(2). Denote by K := S1 ⊂ SU(2)
the subgroup consisting of diagonal matrices. A standard argument of the
representation theory yields the existence of a K-invariant complex line ℓ ⊂
H such that K acts on ℓ as the full 2j-turn rotation. Fix a unit vector
|ψ〉 ∈ ℓ.
Denote by M(N) the algebra of complex linear operators of H . Given
an operator A ∈ M(N), define a function sˆA : SU(2) → C by sˆA(g) =
〈gψ|Agψ〉. A crucial observation is as follows: given k ∈ K, we have k|ψ〉 =
eiθ|ψ〉 for some θ ∈ R, and therefore sˆA(gk) = sˆA(g) for all g ∈ SU(2), k ∈ K.
This means that sˆA descends to a smooth function, say sA, on the quotient
space SU(2)/K. This quotient space is naturally identified with the 2-sphere
S2. The function sA on S
2 is called the covariant symbol of the operator A.
Note that the correspondence
M(N)→ C∞(S2), A 7→ sA
sends the space of Hermitian operators Aq(N) ⊂ M(N) to the space Ac of
real-valued functions, and non-negative operators to non-negative functions.
Given any smooth function a on S2, there exists a sequence of operators
A(N) ∈ M(N) so that the corresponding covariant symbols sA(N) converge
to a as N → ∞. Suppose now that sA(N) → a and sB(N) → b for a pair of
functions a, b on S2. It turns out that the following correspondence principle
holds true:7
sANBN → ab, and N · s[A(N),B(N)] → i{a, b} as N →∞.
This can be interpreted as follows: the algebra of classical observables Ac on
the 2-sphere S2 equipped with the Poisson bracket arises as the high spin limit
N →∞ of algebras Aq(N) of quantum observables. Let us also mention that
a related construction of the fuzzy sphere [18] paved a road for extension of
geometric analysis on the classical phase space into the framework of matrix
algebras.
7In the model discussed below the Planck constant ~ equals 1
2j
. Thus the classical limit
~→ 0 is the high spin limit N →∞.
10
In light of the discussion above, we can address Question 4.1 in a slightly
more precise way. The Gleason theorem rules out the existence of a non-
linear quasi-state on Aq(N) for every given value of N . Do the algebras Aq
carry a weaker object (a kind of ”approximate quasi-state” still to be defined)
which converges to the median quasi-state ζ in the classical limit?
5 Conclusion
We have discussed the simplest version of the “anti-Gleason” phenomenon
in classical mechanics by presenting the median quasi-state on the algebra of
classical observables of the 2-sphere. This result can be generalized in two
directions.
First, quasi-states do exist on certain higher-dimensional symplectic man-
ifolds such as products S2×· · ·×S2 and complex projective spaces CP n (see
[11]). They can be detected by methods of modern symplectic topology,
most notably by the Gromov-Floer theory (see e.g. [19]). Second, closed
2-dimensional symplectic manifolds (i.e. closed oriented surfaces equipped
with an area form) carry a lot of quasi-states of quite a different nature.
They are provided by the theory of topological quasi-states developed by
Aarnes and his collaborators – see e.g. [1, 2]. An interesting feature of the
median quasi-state ζ is that it lies in the intersection of both (seemingly re-
mote!) above-mentioned areas of mathematics. Analyzing historical origins
of the notion of a quantum-mechanical quasi-state, it is tempting to interpret
dispersion-free quasi-states on the algebra of classical observables as ”hidden
variables in classical mechanics”. It will become clearer after further explo-
ration whether such an interpretation is justified. In particular, it would be
interesting to explore dynamical features of the evolution on the space of
topological quasi-states induced by a Hamiltonian flow gt on the underlying
surface. This evolution, say Lt, is defined via the Koopman operator asso-
ciated to the flow: Given a quasi-state ρ, we set Ltρ(F ) = ρ(F ◦ gt). Let
us emphasize that the median quasi-state on the sphere is invariant under
any Hamiltonian flow, and in this respect it is an analogue of the Liouville
measure considered as a classical state.
Furthermore, we presented a lower bound (4) on the error of the simul-
taneous measurement of a pair of non-commuting classical observables. The
bound is given in terms of the median quasi-state and hence is robust with
respect to small perturbations of observables in the uniform norm. Similar
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bounds exist for certain higher-dimensional symplectic manifolds. There is
a good chance that they can be also extended to dispersion-free topological
quasi-states on surfaces by using methods of a recent work [24].
Let us emphasize that the error of a simultaneous measurement arising
in our model is caused by a combination of two factors: non-commutativity
of the observables and imprecision of the measuring apparatus. P. Busch [8]
brought our attention to the work [5] which establishes a phenomenon of a
quantum mechanical nature, a violation of the Bell inequality, in the context
of fuzzy classical observables. It would be interesting to explore whether
an analogous phenomenon holds true within the formalism of quasi-states.
This leads to an intriguing mathematical problem of finding restrictions on
quasi-states for composite classical systems, or, in other words, on cartesian
products of several symplectic manifolds.
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